Giant Compton Shifts in Hyperbolic Metamaterial by Iorsh, Ivan et al.
ar
X
iv
:1
41
0.
46
89
v1
  [
ph
ys
ics
.op
tic
s] 
 17
 O
ct 
20
14
Giant Compton Shifts in Hyperbolic Metamaterials
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We study the Compton scattering of light by free electrons inside a hyperbolic medium. We
demonstrate that the unconventional dispersion and local density of states of the electromagnetic
modes in such media can lead to a giant Compton shift and dramatic enhancement of the scattering
cross section. We develop an universal approach for the study of coupled multi-photon processes
in nanostructured media and derive the spectral intensity function of the scattered radiation for
realistic metamaterial structures. We predict the Compton shift of the order of a few meVs for the
infrared spectrum that is at least one order of magnitude larger than the Compton shift in any other
system.
Scattering is the most fundamental process enabling
to probe internal structure of matter [1]. The princi-
ple of scattering experiments is to monitor a deviation
of particles (fermions or bosons) from their original un-
perturbed trajectories and then collect the information
about a scattering potential. One of the pioneering scat-
tering experiments was performed by Lord Rutherford
for the discovery of a structure of atoms [2] extracted
from the α-particle scattering from a gold target. More
recently, the scattering experiments became the most fre-
quently used tools in atomic physics and related cross-
disciplinary areas. Indeed, tailoring and manipulating
various scattering processes play a fundamental role in
modern physics.
One of the main parameters defining probability of any
scattering process is the density of available states, which
a scattered particle could occupy. While under most
frequently used circumstances this parameter is prede-
fined by a scattering object, the surrounding environment
could contribute significantly to the process. This idea
is most frequently employed for manipulation of spon-
taneous light radiation by introducing an emitter into a
cavity [3].
However, this concept could be pushed even further
and broadband non-resonant engineering of local den-
sity of states (LDOS) could be performed with the
help of artificially created structures, namely metama-
terials. In this context, hyperbolic metamaterials will
play a key role. Hyperbolic metamaterials are a spe-
cial class of media [4] with electromagnetic properties
described by the diagonal permittivity tensor with the
principal components being of the opposite signs which
results in a hyperbolic shape of the isofrequency con-
tours [5, 6]. Realizations of such substances could be
based on metal-dielectric layered structures [7], arrays of
vertically aligned metal nanorods [8], or semiconductor
heterostructures [9, 10]. One of the most intriguing prop-
erties of the hyperbolic media is the non-resonant broad-
band enhancement of LDOS, (limited only by a small-
est yet finite system’s dimension [11]), affecting emitters,
situated inside or in the vicinity of the hyperbolic meta-
material.
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FIG. 1. (Color online) (a) Schematic of the Compton scat-
tering in a hyperbolic medium. An incident photon (green)
is scattered (red) by a free electron (blue). (b) Diagrams il-
lustrating the scattering process in vacuum (left) and in a
hyperbolic medium (right). Red curves correspond to the ini-
tial (solid) and scattered (dashed) photon isofrequency sur-
faces, blue vector shows the momentum of the electron after
scattering.
While spontaneous emission and photon absorption are
the first order perturbation process and directly influ-
enced by LDOS, higher order interactions could have
nontrivial dependence on it and, as the result, be strongly
tailored by electromagnetic environment [12–14]. In this
Letter we investigate the influence of LDOS on higher
order light-matter interaction processes and, in particu-
lar, concentrate on Compton scattering [15], which was
shown to be significantly modified by hyperbolic media.
First we show that commonly used theoretical quantum
2methods [16] result in unphysical divergences of both fre-
quency shifts and scattering cross-sections and, as the
result, are inapplicable in the case of metamaterial as-
sembly. Relying on the demand to resolve this type of
scattering catastrophe, a quantum formalism, based on
Langevin approach, was developed. Proper account for
the inherent losses and finite size of the metamaterial
sample led to finite, yet giant frequency shifts and cross-
section enhancement, making hyperbolic metamaterials
to hold a promise to enable new type of nonlinear inter-
actions.
In the classical Compton scattering setup the incident
photon is spontaneously re-emitted in arbitrary direction
(with variable probability), while the free electron com-
pensates over the momentum and energy mismatches be-
tween incident and scattered quanta [16]. In the case of
finite nanostructures and, in particular when polaritonic
waves propagating inside metamaterials are involved, this
description fails to represent the physical phenomenon
and should be reconsidered with an emphasis on pho-
tonic structure details.
We consider the set-up shown in Fig. 1(a), where a
photon of a given frequency is normally incident upon
the semi-infinite hyperbolic media. The presence of the
interface enables to approach a probable experimental
layout as well as it highlights the impact of geometric
arrangements. It is worth noting, that arbitrary shaped
object could be treated within the same approach, nev-
ertheless numerical evaluation of dispersion relations will
be required.
The incident free space photon was chosen to propa-
gate along the extraordinary direction (along which the
permittivity is negative) and polarized along the positive
ε, as it will allow the wave to propagate inside the hy-
perbolic bulk and not being reflected. Within our theo-
retical approach, which utilizes the Born approximation,
the electrons in the conducting wires can not play the
role of the scattering centers since their interaction with
electromagnetic field is accounted for in the effective neg-
ative dielectric permittivity of the wires. We thus need
to generate an additional population of the free electrons
in the system, which can be achieved using pump-probe
approach. Namely, we should first excite free electron
population with a UV pump pulse due to the photoelec-
tric effect and then consider the scattering of the probe
IR pulse by these free electrons.
The essence of this effect can be illustrated using the
scattering diagram shown in Fig. 1(b). Momentum con-
servation implies that the acquired electron momentum
∆qe is equal to the difference of initial and final pho-
ton wavevectors. In vacuum the wave vector of pho-
ton is much smaller than the wave vector of electron of
the same energy. Hence, as can be seen in Fig. 1(b),
the maximum electron wave vector |∆qe| is limited by
2ωi/c. This defines the upper bound for the electron
kinetic energy, that is equal to the photon energy shift
due to the energy conservation. In sharp contrast to the
vacuum case, in hyperbolic medium the final photon mo-
mentum can be arbitrarily large, leading to the possi-
bility for the large electron kinetic energy and thus the
large Compton frequency shift. The scattered quanta
then occupies one of the large wave vector states, TM
eigenmode. It is wroth noting, that TM eigenmodes,
having k-vector much longer than those in the free space,
will experience total internal reflection and, as the result,
will be trapped inside the hyperbolic bulk. However, its
near field (schematically shown with the glowing disc on
Fig. 1(a)) can be detected within the near field close
to the interface or directly inside the hyperbolic meta-
material. Alternatively, the surface of the metamate-
rial could be patterned to enhance the coupling between
the eigenmodes of hyperbolic medium and propagating
waves in vacuum [17]. A proper theoretical description
of the above scenario will be developed hereafter. The
permittivity tensor of the metamaterial block is given
by: εˆ = diag[εxx, εxx, εzz]. Transverse magnetic (TM)
modes have high LDOS and hence will be considered
hereafter. The dispersion relation for those modes is
given by: (ω/c)2 = k2x/εzz + k
2
z/εxx.
In order to calculate the frequency shift and the dif-
ferential cross-section of the scattering process, we intro-
duce the Hamiltonian for the electron system coupled to
the electromagnetic field [21, 24]:
Hˆ = Hˆelkin + Hˆ
phot
kin +
e
c
∫
drJˆAˆ, (1)
Jˆ =
2~
m
∑
kq
(k+
q
2
)eiqrcˆ†kcˆk+q +
e
mc
Aˆ
∑
kq
eiqrcˆ†kcˆk+q,
(2)
where cˆk, cˆ
†
k are the annihilation and creation operators
for the electron with momentum k, and Aˆ is the vector
potential operator of the electromagnetic field in second
quantized form. The first term in Eq. (2) is the paramag-
netic current which corresponds to the process of absorp-
tion (or emission) of the photon by an electron, which is
forbidden for free electrons by the special relativity, since
the velocity of the electron after absorption of the pho-
ton exceeds the speed of light, thus we will account for
the second, diamagnetic term in Eq. (2) only. Scattering
of the single photon by a single electron is a textbook
problem [16] and the scattering cross-section is given by:
σTM = r
2
c
∫∫
k2fdkfdΩ
|ekiekf |2
k0ik0f
× δ
(
ωel +∆ω
c
−
√(ωel
c
)2
+∆k2
)
, (3)
where ωel = mc
2/~, ∆ω = ωi − ωf , ∆k =√
k2i + k
2
f − 2kikf cos θ,ki and kf are initial and final
electron momenta, dΩ = sin θdθdφ is the differential
of the solid angle, rc = e
2/(mc2) is the classical elec-
tron radius, and delta function in the expression Eq. (3)
3ensures the energy conservation in the system and de-
fines the scattered photon frequency ωf . The plots of
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FIG. 2. (Color online) Scattered photon frequency (a) and
differential cross section (b) for the Compton scattering in
lossless dielectric with dielectric permittivity 4 (red dashed
lines) and hyperbolic media with εxx = 4, εzz = −4 (blue
solid lines).
frequency shift and differential cross-section in uniform
lossless hyperbolic medium are shown in Fig. 2(a,b). We
can see that as the scattering angle approaches θcr =
arccot(
√
εxx/|εzz|) the scattered photon frequency ap-
proaches zero and differential cross-section diverges. The
scattering cross-section is exactly zero for the scattering
angles θcr < θ < pi − θcr. This can be easily explained
if we recall that for these angles the Green’s function in
lossless hyperbolic medium is evanescent [20].
While the consideration of the uniform lossless hyper-
bolic media gives a good insight into the mechanisms
of the free electron scattering in metamaterial, in order
to regularize the divergences occurring in the expression
Eq. (3) for the differential cross-section and to estimate
the possibility of observing the effect experimentally we
should consider a more realistic case of the lossy and
bounded metamaterial. The Fermi Golden rule tech-
nique is not applicable due to the presence of losses which
should be accounted for via an introduction of an infinite
number of additional degrees of freedom. Instead, we use
the Langevin approach when the problem is fully char-
acterized by the Green function determining the electro-
magnetic response to the local currents [21]. The calcu-
lation procedure involves three steps: (i) calculation of
the wave, transmitted inside the medium; (ii) determina-
tion of the local currents arising due to the wave scatter-
ing on the electrons and (iii) reconstruction of the scat-
tered wave from the known currents. Similar approach
has been recently applied to the Brillouin scattering of
exciton-polaritons in semiconductor superlattices [22].
First, we consider the plane electromagnetic wave nor-
mally incident upon the interface of semi-infinite hyper-
bolic medium. The vector potential of the incident wave
in hyperbolic medium can be written as
A(z, t) = e0A0t0e
−iωit+ik
h
0zz , (4)
where e0 is the polarization basis vector, ωi is the initial
photon frequency, t0 is the transmission coefficient for
the normal incidence, and kh0z =
√
εxxωi/c.
Second, in order to consider the scattering we account
for the incident field interaction with an ensemble of free
electrons inside the hyperbolic media. In experiment the
free electrons in hyperbolic media can be generated us-
ing the pump-probe technique [23]. The incident wave
Eq. (4) excites the current described by a following den-
sity operator jˆ(r, t) = e2/(mc2)ρˆ(r, t)A(z, t) [24], that
corresponds to the second, diamagnetic, term in Eq. (2).
Here ρˆ = 1V
∑
qi,qf
cˆ†qf cˆqie
i(qi−qf )r−i(ωi−ωf )t is the den-
sity matrix of the electrons and V is the normalization
volume. It is the diamagnetic current that produces the
scattered wave. The (scattered) electric field operator at
position z0 reads
Eˆ(r, t) =
1
c2
∫
G¯(r, r′, t− t′)∂ jˆ(r
′, t′)
∂t′
d3r′dt′. (5)
where G¯ is a dyadic Green’s function for the semi-infinite
hyperbolic medium. In the case, when the source is in-
side the hyperbolic medium, and the observation point is
outside, at the distance z0 from the interface, the Green
tensor in the frequency representation reads [25]:
G¯(ρ, z0,ρ
′, z′, ω) =
∫
id2kρ
(2pi)3kz
eikρ(ρ−ρ
′)−i(kzz
′+kVz z0)
×
∑
λ=TE,TM
tλhV eh,λ ⊗ eV,λ, (6)
where kz = [εxx(ω/c)
2− (εxx/εzz)k2ρ]1/2, kVz = [(ω/c)2−
k2ρ]
1/2 is the normal component of the wave vector in
vacuum tσhV is the transmission coefficient, and eh, eV
are the polarization basis vectors in hyperbolic media
and vacuum respectively.
Finally, performing the spatial and time Fourier trans-
formation we obtain the intensity of scattered light, av-
eraged over the electron distribution
I(kρ, z0, ω) =
∫
dteiωt〈Eˆ(kρ, z0, t) · Eˆ†(kρ, z0, 0)〉. (7)
The resulting correlators have the form P =
〈cˆ†qf cˆqi cˆ†qi′ cˆqf′ 〉 and can be readily evaluated using the
4Wick’s theorem:
P = δff ′δii′ni(1 − nf ) + δif δi′f ′nini′ . (8)
The second term corresponds to the Rayleigh scatter-
ing with the conservation of frequency and in-plane wave
vector. We focus on the first term, responsible for the
Compton scattering. The expression for the spectral den-
sity function can be written as
I(ω, kρ) = E
2
0
(
ω
ωi
)2
16pit20r
2
cV
2/3m
εxx~
I(ω, kρ), (9)
where the additional factor of 2 appears from the sum-
mation over electron spins, and the dimensionless factor
I is given by
I(ω, kρ) = e
−2ImkVz z0∣∣∣1 + kzkzvερ
∣∣∣2
∫
d3qini(1− nf(i))
|q˜fz| ×
∑
ξ=±1
1
[qiz + (k0z − Rekz) + ξq˜fz]2 + Imk2z
, (10)
and
q˜fz =
√
q2iz +
2m
~
(ω − ωi)− k2ρ + 2qiρkρ cos(δφ), (11)
where δφ is the angle between the in-plane wave vector
of incident radiation and in-plane wave vector of elec-
tron, ni,f are the Fermi distribution functions and nf(i)
means that the electron final energy is determined by the
conservation laws:
Eelf =
~
2
2m
[
q˜2fz + (qiρ − kρ)2
]
. (12)
The dimension of I in Eq. (13) is volume energy density
per frequency per two-dimensional wave vector, thus it
corresponds to the intensity of the reflected field at the
fixed frequency and wave vector.
Integral in Eq. (10) can be taken analytically in a spe-
cial case of zero temperature and small carrier concen-
tration, when the Fermi wave vector kF is much less
than ∆ =
√
2m(ωi − ω)/~. For the Compton shifts
~(ωi − ω) as small as 0.01 meV this regime is realized
up to the electron densities nel ≈ 4 × 1015 cm−1 and
kF ≈ 1.5 × 105 cm−1. Below we demonstrate that the
actual values of Compton shift can be much larger, so
the low density approximation works even better. The
dimensionless integral in Eq. (10) is then given by:
1
|
√
∆2 − k2ρ|
∑
ξ=±1
4pik3F /3
(k0z − kzz + ξ
√
∆2 − k2ρ)2 + Imk2zz
.
(13)
In Fig. 3 we plot Eq. (10) for the case of hyperbolic
media with εxx = 4.0, εzz = −4.0 + 0.3i [Fig. 3(a)] and
for the case of dielectric with the permittivity 4.0 + 0.3i
FIG. 3. (Color online) (a,b) Logarithmic map of the dimen-
sionless part of the spectral density I given by Eq. (10) vs
in-plane wave vector and frequency shift for the case of hy-
perbolic medium (a) and isotropic dielectric (b). (c) Integral
of the spectral densities over the in-plane momenta.
[Fig. 3(b)]. Figure 3(c) shows the integrated spectral in-
tensity as function of the Compton shift for both dielec-
tric and hyperbolic regimes. We do not account for the
dielectric permittivity dispersion, since we are working
in a very narrow frequency range. The intensity of the
scattered radiation is calculated at the distance of 20 nm
from the surface of the structure. The Fermi wave vector
is equal to 105 cm−1.
The spectra of the scattered radiation, shown in Fig. 3
and calculated numerically after Eq. (10), are well ap-
proximated by analytical Eq. (13). The singularities in
Eq. (13) describe different scattering resonances. Two
scattering channels can be distinguished in Figs. 3(a,b).
First channel is indicated by the dashed branch and cor-
responds to the pole of the first factor of Eq. (13). The
Compton shift is given by ωi − ωf = ~k2ρ/(2m), i.e. the
scattered electron propagates along the interface with
vacuum. This interface feature is similar to the Van
Hove singularity in the electronic density of states of
one-dimensional systems [26] or to the Wood anomalies
in the grating diffraction [27]. While it extends up to
the large wave vectors, it is integrable and does not con-
tribute much to the overall scattered intensity.
For the hyperbolic media, another scattering channel
becomes dominant, marked by a dash-dotted branch in
Fig. 3(b). This channel corresponds to the resonance in
the second factor of Eq. (13), described by the bulk mo-
mentum conservation law. Large in-plane wave vectors
of scattered photons and electrons mean larger scattered
electron kinetic energy and, as a result, a larger Comp-
5ton shift. For dielectric media, this scattering channel
is closed because the photon modes with large in-plane
wave vectors are not available, see Fig. 1. Figure 3(c)
demonstrates the main result of our study: the scatter-
ing becomes much stronger in the hyperbolic regime so
that the Compton shifts up to ∼ 10cm−1 ∼ 1 meV can
be attained.
Hyperbolic metamaterials could facilitate detection of
very weak nonlinear processes, as rough plasmonic sur-
faces already enabled detection of Raman Scattering
via manipulation of the local field enhancement. Giant
Compton shifts and enhanced scattering cross-sections
could be detected via near-field detections, ether inside
the bulk, or close to the surface. This statement also re-
lates to any other possible nonlinear scattering processes.
We would also like to discuss the feasibility of the effective
medium approximation. Internal structure of the hyper-
bolic media leads to the local field corrections, i.e. that
the value of the Compton shift and cross-section depend
on the exact position of the electron. However, if the spa-
tial distribution of the free electrons is uniform (which is
reasonable approximation if the free electrons are excited
with an external pump), than the local field corrections
can be averaged and the effective medium approximation
is applicable [19].
In conclusion, we have developed an universal theory
for describing nonlinear processes in hyperbolic metama-
terials. In particular, we have demonstrated theoreti-
cally that the Compton scattering differs drastically in
hyperbolic media in comparison with vacuum, and we
have predicted that Compton shifts for the visible light
frequencies can be enhanced enough to be observed in
experiment. The concept of inelastic scattering enhance-
ment in hyperbolic media is rather general, and it can
be extended to other quasiparticles, including polaritons,
phonons, and surface plasmons.
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